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ABSTRACT 

T h i s  i s  an  i n t e r i m  r e p o r t  which summarizes t h e  

i n i t i a l  work on a t h e o r e t i c a l  s t u d y  of some a s p e c t s  

of t h e  i n t e r a c t i o n  between a d r i f t i n g  stream of 

e l e c t r o n s  w i t h  t r a n s v e r s e  c y c l o t r o n  motions and a n  

e l e c t r o m a g n e t i c  f i e l d .  P a r t i c u l a r  emphasis i s  g iven  

, t o  t h e  p o s s i b l e  g e n e r a t i o n  and a m p l i f i c a t i o n  of 

m i l l i m e t e r  waves. The r e p o r t  i n c l u d e s  b r i e f  d i s c u s s i o n s  

of t h e  c l a s s e s  of  i n t e r a c t i o n  of i n t e r e s t ,  t h e  

s t r u c t u r e  of d-e, a x i a l l y  symmetric,  m a g n e t i c a l l y  

focused ,  r e l a t i v i s t i c  e l e c t r o n  beams, and 

c o n s i d e r a t i o n  of  t h e  e l e c t r o n  beam as a s p a t i a l l y  

d i s p e r s i v e  d i e l e c t r i c  medium. 
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I. INTRODUCTION 

The objective of this research program is to explore 

theoretically some aspects of the interaction between 

a drifting stream of electrons having transverse 

cyclotron motions and an electromagnetic field; 

particular emphasis being given t o  the possible 

generation and amplification of millimeter waves. 

Because of the interest in the possible applications 

to millimeter wavelengths, the study concentrates on 

electron stream-electromagnetic field interactions which 

do not involve an r-f slow wave circuit structure. 

This interim report summarizes the initial work on 

the program. It includes brief discussions of the 

classes of interaction of interest, the structure of 

d-e, axially symmetric, magnetically focused, 

relativistic electron beams, and consideration of the 

electron beam as a spatially dispersive dielectric 

medium. 

1 



11. CLASSES OF I N T E R A C T I O N  

The g e n e r a l  c l a s s i f i c a t i o n  of i n t e r a c t i o n s  i n v o l v i n g  

a d r i f t i n g  e l e c t r o n  stream wi th  t r a n s v e r s e  c y c l o t r o n  

motions i s  v e r y  broad,  even when one exc ludes  i n t e r -  

a c t i o n s  w i t h  e l ec t romagne t i c  waves p r o p a g a t i n g  a l o n g  

slow wave s t r u c t u r e s  ( e . g . ,  t r a n s v e r s e  wave t r a v e l i n g  

wave t u b e s  and backward wave o s c i l l a t o r s ,  magnetrons,  

e t c . ) .  

i n  a r e p r e s e n t a t i v e  l i s t  r e c e n t l y  enumerated and d i s -  

cussed  r e l a t i v e  t o  m i l l i m e t e r  wave g e n e r a t i o n  by Kulke 

and Veronda ; t h e r e f o r e ,  a l i s t i n g  w i l l  n o t  be r e p e a t e d  

he re .  They c l a s s i f y  e l e c t r o n  beam dev ices  i n t o  t h r e e  

major  groups:  (1) p e r i o d i c  c i r c u i t  d e v i c e s ,  ( 2 )  p e r i o d i c  

beam d e v i c e s ,  and (3)  beam harmonic c o u p l e r s .  T h i s  

Many of t h e  p o s s i b l e  dev ices  have been inc luded  

* 

s t u d y  i s  concerned w i t h  a s u b c l a s s  o f  t h e  f i r s t  c l a s s  

(d-c  pumped t r a n s v e r s e  wave p a r a m e t r i c  a m p l i f i e r s )  and  

t h e  c l a s s  of  p e r i o d i c  beam d e v i c e s .  

Among t h e  dev ices  o r  i n t e r a c t i o n  schemesto be 

cons ide red  t h e r e  a r e  many s i m i l a r i t i e s .  For example, 

i n  a lmost  a l l  c a s e s  of a m p l i f i e r s ,  a n  i n p u t  coup l ing  

r e g i o n ,  a g a i n  r eg ion ,  a n d  a n  ou tpu t  coup l ing  r e g i o n  

can  be i d e n t i f i e d ,  a l though i n  some c a s e s  t h e s e  r e g i o n s  

may o v e r l a p  t o  some e x t e n t .  Also,  i n  a lmost  all. c a s e s  

x- 
TO be  published 
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t h e  mechanism of g a i n  can be q u a l i t a t i v e l y  expla ined  

( u s i n g  a wave p i c t u r e )  as t h e  i n t e r a c t i o n  between two 

waves. I n  t h e  d-c pumped t r a n s v e r s e  wave pa rame t r i c  

a m p l i f i e r  t h e s e  two waves are  bo th  beam. waves; i. e . ,  

two c y c l o t r o n  waves, two synchronous waves, o r  a 

c y c l o t r o n  and a synchronous wave. I n  a r i p p l e d  beam 

a m p l i f i e r ,  Ubit ron,  cycl.otron resonance a m p l i f i e r ,  e t c .  , 
one wave i s  a beam wave a n d  t h e  o t h e r  i s  a wave 

a s s o c i a t e d  wi th  a uniform r-f c i r c u i t  o r  waveguide. 

The most e f f e c t i v e  means of  comparing t h e s e  

d i f f e r e n t  devices  i n  a g e n e r a l  manner i s  probably  on 

t h e  basis  of  aJwave a n a l y s i s ,  a l t hough  t h i s  must c e r t a i n l y  

o v e r s i m p l i f y  many a s p e c t s  of the d e t a i l e d  i n t e r a c t i o n  

mechanisms. O f  t h e  s e v e r a l  p o s s i b l e  t y p e s  of  wave 

a n a l y s i s  i n c l u d i n g  f i e l d  s o l u t i o n  of t h e  boundary v a l u e  

problem, expansion i n  normal modes, and coupled mode 

a n a l y s i s ,  t h e  l a t t e r  i s  t h e  most s u i t a b l e  f o r  a g e n e r a l ,  

q u a l i t a t i v e  comparison o f  t h e  v a r i o u s  dev ices .  The 

o t h e r s  a r e  too d e t a i l e d  a n d  unwieldy f o r  a survey.  

One of t h e  major a t t r a c t i o n s  o f  t h e  d-c pumped 

pa rame t r i c  a m p l i f i e r  c l a s s  o f  i n t e r a c t i o n  a l s o  l i e s  

a t  t h e  h e a r t  or i t s  most s e r i o u s  d i sadvan tage  i n  p r a c t i c e .  

The major a t t r a c t i o n  i s  t h a , t  t h e  g a i n  xechanism i n v o l v e s  

t h e  i n t e r a c t i o n  between t.vo beam wzves, t h u s  i.n t h e  g a i n  

reg:ion no r-f s t r u c t u r e  i s  reqaireci .  But p u t  i n  o t h e r  

3 



terms, t h i s  means t h a t  t h e  beam i n  t h e  absence  or an 

i n p u t  r-f s i g n a l  must b e  i n  a s t a t e  o f  u n s t a b l e  

e q u i l i b r i u m  i n  t h i s  ga in  reg ion  as fa r  a s  transve;.se 

d isp lacements  a r e  concerned. When a n  r-f i n p u t  s i g n a l  

p e r t u r b s  t h e  beam, t h i s  p e r t u r b a t i o n  grows and t h e  

s i g n a l  i s  ampl i f i ed .  The f u n c t i o n  of t h e  d-c pump 

s t r u c t u r e  i s  t o  p rov ide  t h e  d-c e l e c t r i c  and/or ma,gnetic 

f i e l d s  i n  t h e  g a i n  r eg ion  which cause  t h e  u n s t a b l e  

e q u i l i b r i u m  of t h e  d-c beam. A major problem i s  t o  

ensu re  t h a t  t h e  pump f i e l d s  p rov ide  i n s t a b i l i t y  (i. e . ,  

g a i n )  f o r  on ly  t h e  des i r ed  r-f s i g n a l  p e r t u - r b a t i o n s  

and not f o r  o t h e r  d-c o r  a-c p e r t u r b a t i c n s  which a r e  

unavoidably p r e s e n t  due t o  t o l e r a n c e  l i m i t a t i o n s ,  n o i s e ,  

s t r a y  f i e l d s ,  e t c .  And, perhaps even more d i f f i c u l t ,  

t o  avoid i n s t a b i l i t i e s  for t h e s e  o t h e r  ex t r aneous  

pe r tu . rba t ions  n o t  only f o r  t h e  d-c beam, b u t  also when 

the beam h a s  been per turbed  by t h e  d e s i r e d  r-f i n p u t  

s i g n a l .  Th i s  i s  t h e  problem o f  "beam blow up" i n  d-c 

pumped t r a n s v e r s e  wave paramet r ic  a m p l i f i e r s .  Although 

v a r i o u s  t h e o r e t i c a l  ana,lyses have i n d i c a t e d  t h a t  t h e s e  

problems mzy be minimized. i n  c e r t a i n  ways, exper imenta l  

ev idence  of  a s u c c e s s f u l  s o l u t i o n  to t h e s e  problems has 

no t  ye t  been obtained..  

A1.thou.gi-1 t h e  d-c pumped p a r a n e t r l c  ampl iT ie r  does 

noi i .euui;-c - an r-f c : i rc~I j . t  j.n t h e  ea-i.~? -, regioon, i t  d o e s  
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r e q u i r e  a d-c pump s t r u c t u r e  which must p r o v i d e  a 

p e r i o d i c a l l y  v a r y i n g  e l e c t r i c  o r  magnetic f i e l d .  Th i s  

i s  c e r t a i n l y  a d i  sadvantage f o r  m i l l i m e t e r  wavelength 

o p e r a t i o n .  Although t h e  problems of  r-f losses a t  

m i l l i m e t e r  wavelengths  a r e  avoided ,  t h e  problems o f  

machining and t o l e r a n c e s  i n  t h e  c o n s t r u c t i o n  of  p e r i o d i c  

c i r c u i t s  w i th  s h o r t  p e r i o d s  must be so lved .  

It would appear  t hen  t h a t  d-c pumped p a r a m e t r i c  

a m p l i f i e r s  have two major  i n h e r e n t  d i sadvan tages  

compared t o  p e r i o d i c  beam d e v i c e s  u s i n g  a uniform r-f 

c i r c u i t  i n  t h e  g a i n  region.  It should  be no ted ,  however, 

that many of  t h e  p e r i o d i c  beam d e v i c e s  a l s o  u s e  a 

p e r i o d i c  p e r t u r b a t i o n  of t h e  beam to produce t h e  r i p p l i n g ,  

u n d u l a t i o n ,  e t c .  , d e s i r e d .  I n  t h e s e  c a s e s ,  t h e  p e r i o d i c  

beam dev ices  would a l s o  have some o f  t h e  same probl.ems 

w i t h  a s h o r t  p e r i o d  d-c s t r u c t u r e  that the d-c pumped 

p a r a m e t r i c  a m p l i f i e r  might have. However, t h e  s e r i o u s  

problem of  beam blow up i s  n o t  p r e s e n t ,  a t  l e a s t  i f  t h e  

beam f o c u s i n g  and p e r i o d i c  p e r t u r b a t i o n  a r e  designed to 

avo id  any  p a r a m e t r i c  a m p l i f i c a t i o n  e f f e c t s  i n  t h e  g a i n  

r e g i o n .  And, of  c o u r s e ,  it i s  p o s s i b l e  to produce a 

r i p p l e  on a n  e l e c t r o n  beam by t h e  p rope r  c o n t r o l  of t h e  

f o c u s i n g  c o n d i t i o n s  w i t h o u t  t h e  p re sence  of a p e r i o d i c  

s t r u c t u r e ,  and  t h i s  approach mic,ht bc used.  

5 



A t  t h i s  t ime,  t h e  per iod- ic  beam c l a s s  of  i n t e r a c t i o n  

would appear  t o  o f f e r  s u p e r i o r  promise,  i n  p r i n c i p l e ,  

for t h e  g e n e r a t i o n  and a m p l i f i c a t i o n  of  s h o r t  microwaves 

i n  t h e  m i l l i m e t e r  wavelength reg ion .  
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111. RELATIVISTIC EmCTRON REAMS 

In any study of electron stream interaction involving 

transverse displacements and velocities, the unperturbed 

d-c electron beam is important as the basic starting 

point f o r  the analysis. This study is concerned with 

transverse interactions in beams focussed, among other 

methods, by a finite axial magnetic field. As a background 

for the interaction analysis, the focusing of an 

axially symmetric, uniform electron stream was briefly 

examined for several possible initial conditions. 

Because of the possible importance of relativistic 

effects, as for example in the electron cyclotron maser, 1 

the influence of special relativity was included in this 

analysis. Some of the results are noted here. 

A. Basic Equations 

The basic equations of motion for d-e, axially 

symmetric electron beam can be written in cylindrical. 

coordinates as 

d 
dt 
- I -  

L 0 
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Here e i s  t h e  magnitude o f  t h e  e l e c t r o n  charge ,  m i s  

t h e  e l e c t r o n  r e s t  mass, 

2 ' 2  ' 2  2 ; 2 + r 8  + z  B =2 
c 

@.is t h e  s c a l a r  p o t e n t i a l ,  and  E and B a r e  t h e  total 

e l e c t r i c  f i e l d  and magnetic flux d e n s i t y  ( i n c l u d i n g  bo th  

t h e  a p p l i e d  and s e l f  f i e l d s ) .  

I n  t h l s  c a s e  of 8n axia , l . ly ,symmetr ic  beam, i t  i s  

seen  from ( l b )  and (Id) t h a t  two q u a n t i t i e s  a re  

conserved z l o n g  t h e  beam: 

2' r e  

J-G-* 
e 
m 

- _  

0 
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If i t  i s  assumed t h a t  t h e  e l e c t r o n  v e l o c i t y  a t  t h e  

ca thode  s u r f a c e  i s  ze ro ,  t h e n  examinat ion o f  Equat ions  

( l a ) - ( l d )  shows t h a t  this i s  a n e c e s s a r y  and s u f f i c i e n t  

c o n d i t i o n  f o r  t h e  ca thode  to be a u n i p o t e n t i a l  s u r f a c e .  

Th i s  i s  assumed h e r e a f t e r ,  and t h e  ca thode  p o t e n t i a l  i s  

t a k e n  t o  be zero .  

o f  (3a) and (3b ) ,  one can v;.rite 

Then us ing  t h e  conserved q u a n t i t i e s  

0 

Here rc i s  t h e  r a d i a l  p o s i t i o n  at t h e  ca thode  

of  an  e l e c t r o n  which h a s  t h e  r ad ia l  p o s i t i o n  r a t  a n  

( z  = 0 )  

a x i a l  p o s i t i o n  z ,  and Bcz i s  t h e  a x i a l  magnet ic  f l u x  

d e n s i t y  a t  t h e  cathode.  Equat ion  (4a) i s  E u s c h l s  

theorem i n  r e l a t i v i s t i c  form.  

We are  main ly  i n t e r e s t e d  i n  e l e c t r o n  beams i n  d r i f t  

r e g i o n s  where t h e  a p p l i e d  magnet ic  f i e l d  i s  o n l y  i n  t h e  

z d i r e c t i o n ,  Br = 0, r = 0, and a l l  q u a n t i t i e s  a r e  

independent  of z as w e l l  as 8 .  The b a s i c  e q u a t i o n s  a r e  

now ( l a ) ,  (4a ) ,  and (4b), s i n c e  ( I C )  becomes i d e n t i a l l y  

zero .  In t roc luc inc  t h e  p 1 a s 1 1 ~  frequ.zncy 

9 



CD P = J $ ,  

and t h e  c y c l o t r o n  f requency  a s s o c i a t e d  wi th  the a p p l i e d  

d-c axial .  magnet ic  f l u x  d e n s i t y  BZa, 

- e 
("a - BZa , 

one can wr i te  

J 
r 

where b i s  t h e  beam r a d i u s .  The b a s i c  e q u a t i o n s  a r e  

now- 

0 0 
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* 
B. B r i l l o u i n  Flow 

The c o n d i t i o n s  under which 8 and z can be independent  

o f  r are  d i scussed  b r i e f l y .  F i r s t ,  no magnet ic  f l u x  can 

l i n k  t h e  cathode,  o r  Bcz = 0. 

familiar from n o n r e l a t i v i s t i c  t heo ry .  

t h a t  Be, i n c l u d e s  both t h e  a p p l i e d  a x i a l  magnet ic  f'lux 

d e n s i t y  and t h a t  due t o  any az imutha l  beam c u r r e n t  i n  

t h e  v i c i n i t y  of  t h e  cathode. Thus, one might have t o  

This  i s  t h e  u s u a l  c o n d i t i o n  

Note however, 

a p p l y  some s m a l l  a x i a l  magnetic f i e l d .  i n  t h e  p r o p e r  

d i r e c t i o n  a t  t h e  cathode t o  e s t a b l i s h  E r i l l o u i n  flow. 

The second c o n d i t i o n  i s  t h a t  t h e  r a d i a l  v a r i a t i o n  

of  t h e  space  charge  d e n s i t y  and t h e  a p p l i e d  a x i a l  magnetic 

f l u x  d e n s i t y  i n  t h e  d r i f t  r e g i o n  M L ? S ~  v a r y  wi th  r such t h a t  

11 



I 2' 2 r e  

cu (r) = 
P 

f i b  
3/4 

( 1 -D2)  

3 
+7 

2 

1-B  
C 
2 '  

Note t h a t  as  t h e  beam v o l t a g e  i s  ra i sed  t o  o p e r a t e  

f u r t h e r  i n  t h e  r e l a t i v i s t i c  regime, t h e  more t h e  charge  

d e n s i t y  i s  c o n c e n t r a t e d  a t  t h e  beam edge. 

The t o t a l  a x i a l  beam c u r r e n t  i s  g iven  by 

Io - - e ; Ib mg ( r )  r d r . 
0 

(9) 

I n s e r t i n g  CD ( r )  from (8a), Equat ion  (9) can be i n t e g r a t e d  

t o  g i v e  Io i n  te rms  of b, 8 ,  and @ ( b ) .  

f o r  f i x e d  b and $ ( b )  t h e r e  i s  a maximum p o s s i b l e  beam 

P 
One f i n d s  t h a t  

c u r r e n t  g iven  by 

4 - 
- 

3 vmE c 
e 

0 r -  1 

3 

3 /2  

1% 



At low v o l t a g e s  t h i s  reduces t o  t h e  famil iar  v a l u e  - 

25.4 x [ p ( b )  l3I2 amperes, wh i l e  a t  v e r y  h igh  

v o l t a g e s  t h e  maximum c u r r e n t  t e n d s  t o  become 

p r o p o r t i o n a l  to [@(bJ3. F igu re  1 shows Im v e r s u s  @ ( b )  

f o r  a wide range  o f  beam v o l t a g e s .  

The a x i a l  and a n g u l a r  v e l o c i t i e s ,  s u i t a b l y  normalized,  

a r e  p lo t . t ed  i n  F igu re  2 v e r s u s  t h e  beam v o l t a g e  f o r  t h e  

maximum beam c u r r e n t  I and f o r  a beam c u r r e n t  of one- 

t e n t h  t h e  maximum va lue .  The s e n s i t i v i t y  o f  t h e  a x i a l  
m J  

v e l o c i t y  to t h e  beam c u r r e n t  a t  a g iven  beam v o l t a g e  

i s  c l e a r l y  e v i d e n t .  A t  low beam v o l t a g e s ,  z / c  and bQ/c 

are  p r o p o r t i o n a l  to $'I2. A t  beam v o l t a g e s  above about  

10 v o l t s ,  z/c and bQ/c depa r t  from t h i s  dependence and 4 

approach a s s y m p o t i c a l l y  t o  0.577 and 0.817 r e s p e c t i v e l y  

as $? approaches  i n f i n i t y  ( f o r  maximum c u r r e n t ) .  

F i g u r e  3 shows t h e  dependence of t h e  beam plasma 

f requency  and t h e  c y c l o t r o n  f requency  of t h e  a p p l i e d  a x i a l  

magnet ic  f i e l d  on t h e  beam v o l t a g e  f o r  beam c u r r e n t s  

e q u a l  to t h e  maximum va lue  and one - t en th  of t h e  maximum 

va lue .  Again, a t  l o w  v o l t a g e s  LU b/c and cuab/c a r e  
P 

p r o p o r t i o n a l  t o  @'I2. Above about  10 4 v o l t s ,  t h e y  s ta r t  

t o  i n c r e a s e  rn-uch more r a p i d l y  w i t h  @; t h e i r  assymp'iotic 

dependence a t  l a r g e  beam voltage i s  as $?I2 f o r  w b/c, 

anci as $3 f o r  wab/c. 

P 
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BEAM VOLTAGE,  $ ( b ) , VOLTS 
FIGURE 2 .  Normalized Ax ia l  and Angular Ve loc i t i - e s  Versus Beam 

Voltage for a Bri3I.oui.n Beam With Maximum Ream Current  
1 and one- ten th  Maximum Beam Current Imll0. (a);/c rn 
f o r  I,. (b) i / c  for I,,/lo. ( e >  bo/c for Iln. 
( d )  b6/10 for Imll0. 
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BEAM VOLTAGE, $ ( b ) ,  VOLTS 

FIGURE 3 .  Normalized Plasma and Cyclo t ron  F requenc ie s  f o r  
a B r i l l o u i n  Beam w i t h  Maximum B e a m  Curren t  I and 
One-Tenth Maximum Beam Currt?nt Imllo. 
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C .  Uniform Charge Dens i ty  Beam 

There a r e ,  of cour se ,  an  i n f i n i t e  v a r i e t y  of a x i a l l y  

~ y - ~ ~ l i . ~  - L - 2 

w i l l  be  conf ined  h e r e  t o  one c l a s s  which seems of 

c o n s i d e r a b l e  p r a c t i c a l  i n t e r e s t .  This  i s  a n  e l e c t r o n  

beam i n  which t h e  charge  d e n s i t y  i s  uniform wi th  r a d i u s ;  

i . e .  , cu i s  a c o n s t a n t  i n  t h e  d r i f t  r e g i o n .  F u r t h e r ,  

i t  i s  assumed t h a t  t h e  r e l a t i v e  a x i a l  magnet ic  f l u x  

d e n s i t y  p a t t e r n  i s  s imi la r  i n  b o t h  t h e  d r i f t  r e g i o n  

and t h e  ca thode  r e g i o n ,  so t h a t  

r l e ~ _ r ~ c  e l e c t r o n  beams one might c c n s i d e r .  A t t e n t i o n  

P 

i s  a c o n s t a n t  f o r  a g iven  beam. Th i s  parameter  i s  

d e f i n e d  s o  t h a t  ‘fl = 0 cor responds  to t h e  f u l l  magnet ic  

flux l i n k i n g  t h e  cathode) 0 < fl 

f l u x  l i n k i n g  t h e  ca thode ,  Tj = 1 t o  no magnet ic  f l u x  

< 1 t o  p a r t i a l  magnetic 

l i n k i n g  t h e  ca thode ,  and 1 < fl < 2 t o  r eve r sed  magnet ic  

f l u x  l i n k i n g  t h e  cathod-e. F i n a l l y ,  i t  i s  assumed f o r  

s i m i p l i c i t y  t h a t  t h e  t o t a l  a x i a l  magnet ic  f l u x  d e n s i t y  

i n  t h e  d r i f t  r e g i o n  i s  independent  of r. Thus wa - - eBZ,/m 

must v a r y  a c r o s s  t h e  beam i n  o r d e r  t h a t  wc = eBZ/m be 

c o n s t m t ;  cu i s  t h e  c y c l o t r o n  f requency  inclti.ding bo th  

t h e  a p p l i e d  and  t h e  s e l f  magnetic f ie1d .s .  
C 

kJri.th these assumptions,  one :“incj.s t h a t  5 ar id z 



one introduces the parameter 

1 n =  
I - . A  

Examination of the basic equations leads oneto conclude 

that t h i s  parameter can also be written as 

and 

2 
cl) 

n 
n =  P 

2 f 
C ( V - F )  

Combining Equations (7a), (Tb), and ( 7 c ) ,  and 

using the parameters introduced, one finds that 
2 

2c 
( o r 2  

Q2 - 1 + n (-) P 
- _  2 -  - 

. 
8 

1 8 



The expression for the axial velocity, z/c, can be 

simplified somei,rhat if i t  is assumed t h a t  (cu b/2c) (< 1; 

a condition which  is not inconsistent writh relativistic 
P 

flow. With this approximation, 
3 
L o r 

R2 - 1 -t R (+ P 

Using t h i s  simplified form for the axial velocity, the 

total beam c u r r e n t  is 



S e v e r a l  o b s e r v a t i o n s  can be drawn from t h e  expres s ion  

f o r  t h e  t o t a l  beam c u r r e n t ,  Equat ion (16) .  F i r s t ,  f o r  

f i x e d  beam v o l t a g e  @ ( b ) ,  t h e  maximum v a l u e  of  t o t a l  beam 

c u r r e n t  occu r s  f o r  = 1 ( n o t e  t h a t  52 > 1). T h i s  means 

t h a t  t h e  maximum c u r r e n t  i s  ob ta ined  when t h e  a x i a l  

v e l o c i t y  a t  t h e  c e n t e r  of t h e  beam i s  zero .  I n  terms 

o f  c u r r e n t  d e n s i t y  t h e  beam i s  e s s e n t i a l l y  a hollow 

beam, a l though  t h e  cha rge  d e n s i t y  i s  uniform w i t h  r a d i u s .  

A second o b s e r v a t i o n  i s  t h a t  i n  t h e  n o n r e l a t i v i s t i c  

l i m i t ,  t h e  maximum c u r r e n t  i s  g iven  by ( s t i l l  f o r  

- 

R = 1) 

3 / 2  
Im = 57.1 ,x  [@(bfi (17) 

a v a l u e  which i s  2.25 t i m e s  l a r g e r  t h a n  f o r  a B r i l l o u i n  

beam of t h e  same r a d i u s  and v o l t a g e .  On t h e  o t h e r  hand, 

a t  v e r y  l a r g e  beam v o l t a g e s  t h e  c u r r e n t  v a r i e s  more  

s l o w l y  wi th  t h e  beam vo l t age ;  t h e  a s sympto t i c  l i m i t  i s  

t h a t  t h e  c u r r e n t  v a r i e s  a s  t h e  f i r s t  power o f  t h e  beam 

v o l t a g e .  

The r e l a t i o n s h i p  between t h e  a n g u l a r  v e l o c i t y  a t  

t h e  beam c e n t e r  and t h e  plasma f requency  i s  d i s p l a y e d  

i n  F i g u r e  4 where .6(0)/coc i s  p l o t t e d  v e r s u s  y,/coc f o r  

s e v e r a l  v a l u e s  of axli-al. v e l o c i t y  a t  the beam c e n t e r .  

Note t h a t  the p o h t  U ( 0 ) w c  == 1 spec:ii’iet: a c o n d i t i o n  

. -in _. which  no rncigiPiei;ic f l u x  I j n k s  t he  c:aiho.;:Iti. ‘Chis li.s 

. 
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PLASMA FREQUENCY 

FIGURE 4 .  Normalized Angul .a r  Velocity 6 ( o ) / w c  V e r s u s  
Norma 1 i z e d P 1 a srna Fr e cj u e n c y For an 
Uniform Charge Density Bean. 
(a) + ( o ) / c  = 0, 
( b )  ~(o)/c = 0.197, 
(e) z(o)/c = 0.416. 
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not r e f e r r e d  to h e r e  as B r i l l o u i n  flow; t na t  t e r n  i s  

r e s e r v e d  (perhaps  a r b i t r a r i l y )  f o r  t h e  c' ~ s e  where z 

and 6 a r e  independent  of r i n  a d d i t i o n  to having  no  

magnet ic  f l u x  l i n k i n g  t h e  cathode.  

F i g u r e s  5 and 6 show t h e  v a r i a t i o n  o f  t h e  a x j - a l  

and ang;ular v e l o c i t i e s  a c r o s s  t h e  beam f o r  v a r i o u s  

v a l u e s  o f  R and T) ( i n  t h e  c a s e  o f  the m g u l a r  v e l c c i t y ) .  

S i n c e  t h e  charge  d e n s i t y  i s  c o n s t a n t  a c r o s s  t h e  beam, 

t h e  c u m e  OP z / c  i s  p r o p o r t i o n a l  to t h e  a x i a l  c u r r e n t  

d e n s i t y ;  i t  d i s p l a y s  t h e  degree of' "hollowness!' of t h e  

beam f o r  v a r i o u s  v a l u e s  6f s2. 

22 



* 
E3 
H 

4 
4 
H 
X 
4 

. 2  

.1 

05 .10 15 . 20  25 

RADIAL POSITION 

FIGURE 5. Normalized Axial Velocity i ( r ) / c  Versus Normalized 
Radial Position w r/2c for an Uniform Charge density 
beam. 

(a )  R = 1..r). 
( b )  st = 1..02. 
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I V .  ELECTRON BEAM A S  A SPATIALLY DISPERSIVE MEDIUM 

It i s  d e s i r a b l e  f o r  some small s i g n a l  a n a l y s e s  

of e l e c t r o n  beam i n t e r a c t i o n  to t r e a t  t h e  e l e c t r o n  

beam as a d i e l e c t r i c  medium. When t h i s  procedure  i s  

used ,  t h e  a -c  beam v e l o c i t y ,  c u r r e n t  d e n s i t y ,  and charge  

d e n s i t y  are  removed from t h e  i n t e r a c t i o n  e q u a t i o n s  by 

e x p r e s s i n g  them i n  te rms  o f  t h e  beam p o l a r i z a t i o n  P. 

T h i s  q u a n t i t y  i s  in t roduced  t o  accoumt f o r  t h e  a-c  

p e r t u r b a t i o n  of  t h e  e l e c t r o n s  from t h e i r  p o s i t i o n s  i n  

t h e  absence of an  r-f s i g n a l .  For example, when t h e  

e l e c t r o n  motion i s  confined t o  t h e  a x i a l  d i r e c t i o n ,  t h e  

a -c  beam v e l o c i t y ,  c u r r e n t  d e n s i t y ,  and charge  d e n s i t y  

are  g iven  b y  

J 



d e n s i t y  do n o t  appear  e x p l i c i t l y  i n  Maxwell’s e q u a t i o n s  

s i n c e  t h e y  have been absorbed i n t o  t h e  e l e c t r i c  

p o l a r i z a t i o n .  The ~ q u a t i o n s  o f  motion f o r  t h e  beam 

a r e  used to e s t a b l i s h  t h e  c o n s t i t u t i v e  r e a l t i o n s  f o r  

t h e  medium; t h a t  i s ,  t h e  dependence of P on t h e  e l e c t r i c  

f i e l d  ( a n d  p o s s i b l y  t h e  magnetic f i e l d )  which g i v e s  t h e  

e f f e c t i v e  s u s c e p t i b i l i t y .  I n  g e n e r a l ,  t h e  s u s c e p t i b i l i t y  

w i l l  be a t e n s o r .  

It is found t h a t  t h e  e l e c t r o n  beam when cons ide red  

as a d i e l e c t r i c  medium has s p a t i a l  as w e l l  as tempora l  

d i s p e r s i o n .  This means that t h e  s u s c e p t i b i l i t y  depends 

e x p l i c i t l y  on t h e  p ropaga t ion  c o n s t a n t  i n  a d d i t i o n  to 

t h e  f requency .  There a r e  s e v e r a l  consequences of  t h e  

d i s p e r s i v e  c h a r a c t e r  of t h e  medivm.’ Two of t h e  most 

im2orCa.iz a re  z n a t  t h e  t ime avez-sge s t r l red energy  d e n s i t y  

and t h e  t i m e  ave rage  d e n s i t y  ol” power flow f o r  a medium 

of i n f i n i t e  e x t e n t  w i t h  wave p ropaga t ion  i n  t h e  z d i r e c t i o n  

a re  g iven  by 
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These g e n e r a l i z e d  expres s ions  i n c l u d e  t h e  s t o r e d  

energy  and power flow a s s o c i a t e d  wi th  t h o  sou rces  of  

t h e  d i s p e r s i o n  i n  t h e  medium. Thus i n  t h e  c a s e  01" an  

e l e c t r o n  beam, t h e s e  expres s ions  i n c l u d e  t h e  k i n e t i c  

energ>- and power flow due to t h e  a -c  motion o f  the, 

e l e c t r s n s .  SFn$ce t h e  beam v e l o c i t y  and c u r r e n t  d e n s i t y  

d o  n o t  appear  exp1ic i t l .y  i n  t h i s  fc rmat fon ,  all of the 

c o n t r i b u t i c n s  to t h e  ene rgy  and power flow due to t h e  

mechznica l  motion of t h e  e l e c t r o n s  must be inc luded  v i a  

t h e  e f f e c t i v e  s u s c e p t i b i l i t y  of t h e  e l e c t r o n  beam. I n  

e f f e c t ,  Equat ion  ( l g b )  i s  t h e  s m a l l  s i g n a l  power theorem 

for t h e  bean. 

The a p p l i c a t i o n  of' t h i s  method o f  a n a l y s i s  to an 

e l e c t r o n  beam of i n f i n i t e  cross  s e c t i o n  has  been t r e a t e d  

i n  some d e t s i l  p rev ious ly .  4'5 This  d i s c u s s i o n  p o i n t s  

o u t  t h a t  the expres s ions  f o r  t h e  time ave rage  energy  

d e n s i t y  and power flow, ( l g a )  and ( l g b ) ,  ho ld  as  well 

f o r  a n  e l e c t r o n  beam of  f i n i t e  c r o s s  s e c t i o n  i f  t h e  

t r a n s v e r s e  bou.nd.ary of t h e  beam has an  impedance 

independent  of "Lhe Yreyuency and p ropaga t ion  c o n s t a n t .  

A short ,  c i . r c u i t  and an  open c i r c u i t  are t h e  two most 

ri.inpoi-i.ztnt E : : . ~ U r i ~ p l ~ S .  I n  c i h e r  W G I - ~ S ,  (193,) and (19b)  

hold  if' t h e  systeril consicicred i s  ~ioino~.~neOi.J.S; f o r  exur!ple, 

ari elcct,rc;i l  be~, : :~ i" i i1  5.n{; 3, d . r j  :'t +;,LI.-LE. 



The p h y s i c a l  reason  t h a t  (19.) and (1yb) a r e  v a l i d  

f o r  t h e  f i n i t e  system considered,  a l though  t h e y  w2re 

de r ived  f o r  8 s y s t e m  cf  i n f i n i t z  c r o s s  s z c t i o n  wi;h no 

t r a n s v e r s e  v a r i a t i o n  of t h e  f i e l d s ,  i s  e a s i l y  seen.  I n  

t h e  p r e s e n t  c a s e ,  a l though t h e  f i e l d s  will v a r y  i n  t h e  

t r a n s v e r s e  c i i rec t ion ,  because of t h e  homogeneity of' 

the system t h e  t r a n s v e r s e  v a r i e t i o n  of t h e  f i e l d s  w i l l  

be  independent  o f  bo th  t h e  f requency  and t h e  prop5,gation 

c o n s t a n t .  For example, a p o s s i b l e  f i e l d  component might 

v a r y  as 

n r  x j u t -  jgz A ( u , F 3 )  s i n  (----) e a 

o r  perhaps  , 

where R, i s  a r o o t  of  J n ( R m )  = 0. 

p a r t i c u l a r  va lues  of t h e  frequency and p ropaga t ion  

Regard less  of  t h e  

c o n s t a n t ,  t h e  t r a n s v e r s e  v a r i a t i o n  remains t h e  same. 

Thus for a g iven  mode, t h e  t r a n s v e r s e  v a r i a t i o n  

i s  Tixed, and t h e  parameters d e s c r i b i n g  t h i s  v a r i a t i o n  

(sometimes termed t h e  t r a n s v e r s e  p ropaga t ion  c o n s t a n t s )  

a r e  c o n s t a n t s .  The e f f e c t i v e  susceptibilLty cf t h e  



. 
There fo re ,  the expressions given  above f o r  a dispersrive 

medium of i n f i n i t e  c r o s s  s e c t i o n  also a p p l y  t o  a mode 

of a homogeneous s y s t e m  of f i n i t e  c r o s s  s e c t i o n .  
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